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Outline

• Alpha particle physics of high field tokamaks
• Introduction to high field tokamaks
• Introduction to TAEs

• TAEs in high field tokamaks
• Reduction of instability at same performance

• Determinants of TAE transport
• Development of drift kinetic theory of transport
• TAE amplitude that causes alpha depletion
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Alpha particle physics of high field devices 
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Magnetic field and size determine DT fusion power 𝑃𝑓

• The goal of fusion research is a device that makes significant fusion power 𝑃𝑓

• In DT devices, fusion power is determined by pressure and volume:

• 𝛽2 is determined by plasma physics

• 𝐵0 and 𝑉 are selected by device designers

𝑃𝑓 ∼ 𝑛𝑇 2𝑉 ∼ 𝛽2𝐵0
4𝑉
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SPARC to ARC pathway exploits 𝐵0 dependence of 𝑃𝑓

• Historically, magnet technology limited 𝐵0
• Large, expensive devices necessary

• New HTS technology allows higher 𝐵0 and
smaller, faster, cheaper devices

• SPARC is a small, high field HTS device with
significant fusion power

• Expected DT operation ~2025

• High field DT reactor (ARC) will follow SPARC

𝑃𝑓 ∼ 𝑛𝑇 2𝑉 ∼ 𝛽2𝐵0
4𝑉

Quantity ITER SPARC V0

𝑅0 6.2 𝑚 1.65 𝑚

𝐵0 ∼ 5.3 T ∼ 12 T

𝑃𝑓 500 

MW

50-100 

MW



6Tolman | European Fusion Theory Conference | October 2019 |

Alpha physics is novel part of next-generation DT tokamaks

• Alpha confinement and transport is important
• Transport can modify heat deposition and bulk

plasma profiles
• Alpha loss can degrade performance and damage

device

• Alpha physics includes alpha-AE interaction

𝑛𝑒 = 2𝑛𝐷 = 2𝑛𝑇 𝑇𝑖 ∼ 𝑇𝑒 𝑛𝛼 “𝑇𝛼” 
[Calculated using average value of 𝑣2

across slowing down distribution]

𝑛𝛼𝑇𝛼/(2𝑛𝑒𝑇𝑒)

~5 × 1014 𝑐𝑚−3 ~20 𝑘𝑒𝑉 ~1012 c𝑚−3 ~580 𝑘𝑒𝑉 ~15%

• SPARC will be among first to produce large “amount” of alpha particles
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AEs are excited by alphas, can cause energetic particle loss

• AEs are shear Alfvén waves that 
exist as discrete modes
• MHD structure determined by bulk

• Energetic particles, including 
alphas, destabilize AEs
• Can be treated drift kinetically for 

wider modes

• AEs can transport alphas, 
degrading performance and 
damaging device

• ITER scenarios are unstable to AEs 
(see e.g. Rodrigues et al. NF 2015)
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Accelerated path to fusion poses urgent alpha physics questions

• Forthcoming high field DT experiments pose urgent theory and modeling
questions:

• Could high field devices have TAE activity?
• Can it be reduced at same performance?

• What amplitude TAE changes alpha population?
• Development of transport theory required
• Can the effect of this transport be reduced?
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TAEs in high field tokamaks
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Thermal species and energetic particles determine growth rate

• Consider a TAE of frequency 𝜔 =
𝑣𝐴

2𝑞𝑅
driven by alphas born at speed 𝑣0

• TAE linear growth rate is determined by sum of drive and damping

• Alpha drive is given by:

𝛾𝛼 ∼ 𝜔𝑞2 𝛽𝛼𝐹
𝑣𝐴
𝑣0
,
1

𝑝𝛼

𝑑𝑝𝛼
𝑑𝜓

Function of spatial gradient of alphas at resonant velocities

• Ion damping from species j is given by:

𝛾𝑗 ∼ −𝜔𝑞2 𝛽𝑗𝐺
𝑣𝐴

𝑣𝑡ℎ𝑗

Function of energy gradient of ions at resonant velocities
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Temperature controls AE stability

• Alpha particle density scales like:

𝑛𝛼 ∼ 𝛼 source rate × slowing down time ∼ 𝑛𝐷𝑛𝑇 𝜎𝑣 𝑇𝑒
3/2

/𝑛𝑒 ∼ 𝑛𝑒𝑇𝑒
3.5

• Neglecting resonance positions, ratio of AE drive to damping scales like:

𝐷𝑟𝑖𝑣𝑒

𝐷𝑎𝑚𝑝𝑖𝑛𝑔
∼
𝛽𝛼
𝛽𝑗

∼

𝑛𝛼𝑇𝛼
𝐵0
2

𝑛𝑒𝑇𝑒
𝐵0
2

∼ 𝑇𝑒
2.5

• AE drive/damping does not have explicit dependence on B0

• High field scenarios are under development
• Early concepts for SPARC [Greenwald et al. APS DPP CPP 2019] and ARC [Sorbom et 

al. FED 2015]  have comparable temperatures to ITER 
• High field devices could have significant AE activity
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Higher field devices can access higher absolute density

• At a given 𝐵0, a tokamak can operate with a wide range of plasma parameters 

• Overall trends in accessible parameters can be understood by holding tokamak 

figures of merit constant

• Resulting trend in accessible core plasma parameters is:

• Current high field concepts operate far from maximum density

Tokamak figures of merit

𝑞⋆ =
2𝜋𝑎2𝐵0
𝜇0𝑅0𝐼𝑝

1 + 𝜅2

2
𝑓𝐺𝑊 =

ത𝑛𝑒
𝐼𝑝/𝜋𝑎

2

Trend with 𝑩𝟎

𝐼𝑝 ∼ 𝐵0 𝑛𝑒 ∼ 𝐵0
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AEs can be reduced by operating at higher n, lower T

• Economically, reactor should achieve fixed power density,

𝑝𝑓
𝑀𝑊

𝑚3 = 𝐸𝑓𝑛𝐷𝑛𝑇 𝜎𝑣 ∼ ne
2Te

2 ≡ 𝐶

• At a given power density, 

𝐷𝑟𝑖𝑣𝑒

𝐷𝑎𝑚𝑝𝑖𝑛𝑔
∼ 𝑇𝑒

2.5 ∼
𝐶1.25

𝑛𝑒
2.5

• High field devices can access very high densities (higher than in low field machines)

• For fixed power density, this corresponds to lower temperatures

• This slows down alphas faster, reducing AE drive while maintaining fusion power density

High field devices can reduce AE instability by operating at higher density



14Tolman | European Fusion Theory Conference | October 2019 |

Determinants of TAE transport
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Unperturbed alphas described by slowing down distribution

• Unperturbed alpha population
given by balancing fusion
source against drag:

𝐶𝑑𝑟𝑎𝑔 𝑓0 +
𝑆𝑓𝑢𝑠 𝛿 𝑣−𝑣0

4 𝜋𝑣2
= 0

• Gives the slowing down
distribution:

𝑓0 =
𝑆𝑓𝑢𝑠𝜏𝑠 𝐻(𝑣−𝑣0)

4 𝜋 𝑣3+𝑣𝑐
3

𝑓 0
[1
0
−
1
6
𝑐𝑚

−
6
𝑠
3
]

v[cm s-1]

𝐶𝑑𝑟𝑎𝑔 𝑓 =
1

𝜏𝑠𝑣
2

𝜕

𝜕𝑣
𝑣3 + 𝑣𝑐

3 𝑓

𝑣𝑐
3 =

3 𝜋𝑇𝑒

3
2

2𝑚𝑒𝑛𝑒
σ𝑖

𝑍𝑖
2 𝑛𝑖

𝑀𝑖
, 

𝜏𝑠 =
3𝑀𝑇𝑒

3/2

4 2𝜋𝑚𝑒
1/2𝑍2𝑒4𝑛𝑒 ln Λ

Alphas born 

at 𝑣 = 𝑣0

Alphas slow down in 

time 𝜏𝑠 by giving energy 

to bulk
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Drift kinetic formulation aims to put limit on TAE amplitude

• TAEs could transport alphas with a diffusion coefficient 𝐷𝑇𝐴𝐸

• TAE transport significantly changes plasma when

Alphas removed by TAE before they can heat the local background plasma

• We develop a drift kinetic theory for 𝐷𝑇𝐴𝐸 to determine mode amplitude where 
𝐷𝑇𝐴𝐸𝜏𝑠

𝑎𝛼
2 ∼ 1

• Focus on collisional processes (not stochasticity arising from resonance overlap)

𝐷𝑇𝐴𝐸𝜏𝑠

𝑎𝛼
2 ∼ 1
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• AEs include magnetic field and electric field
Perturbed vector potential:

𝐴1 = 𝐴∥𝑒
𝑖(𝑛 𝛼−𝜔𝑡+ 𝑛𝑞−𝑚 𝜗)𝑒𝑖∫ 𝑑𝜓𝑘𝜓(𝜓) ෠𝑏

Perturbed electric potential:

Φ1 = Φ𝑒𝑖(𝑛 𝛼−𝜔𝑡+ 𝑛𝑞−𝑚 𝜗)𝑒𝑖∫ 𝑑𝜓𝑘𝜓(𝜓)

• Modes create a corresponding perturbation to f0

𝑓1 =
𝑍𝑒 Φ1

𝑀

𝜕𝑓0
𝜕ℰ

+ ℎ𝑒𝑖(𝑛 𝛼−𝜔𝑡+ 𝑛𝑞−𝑚 𝜗)𝑒𝑖∫ 𝑑𝜓𝑘𝜓(𝜓)

Image credit: Heidbrink APS 2007

TAEs perturb tokamak magnetic field

• Background magnetic field is of standard form: 𝐵 = 𝛻𝛼 × 𝛻𝜓, 𝛼 = 𝜁 − 𝑞𝜗

Amplitude Radial variationWave phase

Adiabatic response, 

ℰ is energy

Electric field: 𝐸1 = −𝛻Φ1 −
1

𝑐

𝜕𝐴1

𝜕𝑡

Magnetic field: 𝐵1 = 𝛻 × 𝐴1
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Perturbed drift kinetic equation models transport

• To first order, the drift kinetic equation reads

𝜕𝑡 𝑓1 + 𝑣∥ ෠𝑏 + 𝑣𝑑 ⋅ 𝛻𝑓1 + 𝑣∥ ෠𝑏1 + 𝑣𝑑1 ∙ 𝛻𝜓
𝜕𝑓0

𝜕𝜓
+

𝑍𝑒

𝑀
𝑣∥ ෠𝑏 + 𝑣𝑑 ∙ 𝐸1

𝜕𝑓0

𝜕ℰ
= 𝐶 𝑓1

• For AE modes, this reads:

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

• Here, we define 𝜔⋆ ≡
𝑐𝑀𝑛

𝜕𝑓0
𝜕𝜓

𝑍𝑒
𝜕𝑓0
𝜕ℰ
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[Image source: Kadomtsev

and Pogutse 1971]

Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Streaming along 

magnetic field
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Wave frequency
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Tangential precession

[Image source: Kadomtsev

and Pogutse 1971]
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Radial drift off flux 

surface

Mode amplitude as function of 𝝍

Particle orbit width
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Pitch angle scattering
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑐𝑛 1 −

𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

𝑒𝑖 𝑛𝑞−𝑚 𝜗

Drive due to perturbation and background 

spatial gradient of alphas

Note: 𝜔⋆ ≡
𝑐𝑀𝑛

𝜕𝑓0
𝜕𝜓

𝑍𝑒
𝜕𝑓0
𝜕ℰ

> 𝜔 for instability

From now on, 

𝑐𝑛 1 −
𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

≡ 𝑆(𝜗)

𝑛
𝛼
[1
0
1
1
𝑐𝑚

−
3
]
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Perturbed drift kinetic equation models transport

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗

Drive due to perturbation and background 

spatial gradient of alphas

Note: 𝜔⋆ ≡
𝑐𝑀𝑛

𝜕𝑓0
𝜕𝜓

𝑍𝑒
𝜕𝑓0
𝜕ℰ

> 𝜔 for instability

From now on, 

𝑐𝑛 1 −
𝜔

𝜔⋆
Φ−

𝑣∥
𝑐
𝐴∥

𝜕𝑓0
𝜕𝜓

≡ 𝑆(𝜗)

𝑛
𝛼
[1
0
1
1
𝑐𝑚

−
3
]
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Transport occurs via pitch angle scatter of resonant alphas

Particle in phase with wave 

Particle moved 

radially by wave

Particle decorrelates via pitch angle 

scatter: 𝐶𝑝𝑎𝑠 ℎ ∼ 𝜈𝑝𝑎𝑠
𝜕2ℎ

𝜕𝜆2

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗
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• Fraction of particles in phase: 𝜔 − 𝑘 ⋅ 𝑣𝑑 ∼ 𝜔𝛿𝜆 ∼
𝜈𝑝𝑎𝑠

𝛿𝜆2
→ 𝛿𝜆 ∼

𝜈𝑝𝑎𝑠

𝜔

1/3

Higher νpas allows  more particles to interact with wave

Transport occurs via pitch angle scatter of resonant alphas

Particle in phase with wave 

Particle moved 

radially by wave

Particle decorrelates via pitch angle 

scatter: 𝐶𝑝𝑎𝑠 ℎ ∼ 𝜈𝑝𝑎𝑠
𝜕2ℎ

𝜕𝜆2

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗
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• Fraction of particles in phase: 𝜔 − 𝑘 ⋅ 𝑣𝑑 ∼ 𝜔𝛿𝜆 ∼
𝜈𝑝𝑎𝑠

𝛿𝜆2
→ 𝛿𝜆 ∼

𝜈𝑝𝑎𝑠

𝜔

1/3

Higher νpas allows  more particles to interact with wave

• Decorrelation time: 𝛿𝑡 ∼
𝛿𝜆2

𝜈𝑝𝑎𝑠
∼

1

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Higher νpas creates faster decorrelation

• Radial step: 𝑣𝜓𝛿𝑡 ∼
𝑣𝜓

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Faster decorrelation time shortens step size

Transport occurs via pitch angle scatter of resonant alphas

Particle in phase with wave 

Particle moved 

radially by wave

Particle decorrelates via pitch angle 

scatter: 𝐶𝑝𝑎𝑠 ℎ ∼ 𝜈𝑝𝑎𝑠
𝜕2ℎ

𝜕𝜆2

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗
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• Fraction of particles in phase: 𝜔 − 𝑘 ⋅ 𝑣𝑑 ∼ 𝜔𝛿𝜆 ∼
𝜈𝑝𝑎𝑠

𝛿𝜆2
→ 𝛿𝜆 ∼

𝜈𝑝𝑎𝑠

𝜔

1/3

Higher νpas allows  more particles to interact with wave

• Decorrelation time: 𝛿𝑡 ∼
𝛿𝜆2

𝜈𝑝𝑎𝑠
∼

1

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Higher νpas creates faster decorrelation

• Radial step: 𝑣𝜓𝛿𝑡 ∼
𝑣𝜓

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Faster decorrelation time shortens step size

• Overall flux Γ ∼ −𝛿𝜆
𝑣𝜓𝛿𝑡

2

𝛿𝑡

𝜕𝑛𝛼

𝜕𝜓
:      Γ ∼ −

𝑣𝜓
2

𝜔

𝜕𝑛𝛼

𝜕𝜓

νpas dependence of decorrelation time and fraction of particles 
cancel out: use Krook operator

Transport occurs via pitch angle scatter of resonant alphas

Particle in phase with wave 

Particle moved 

radially by wave

Particle decorrelates via pitch angle 

scatter: 𝐶𝑝𝑎𝑠 ℎ ∼ 𝜈𝑝𝑎𝑠
𝜕2ℎ

𝜕𝜆2

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ − 𝐶{𝑓1} = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗
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• Fraction of particles in phase: 𝜔 − 𝑘 ⋅ 𝑣𝑑 ∼ 𝜔𝛿𝜆 ∼
𝜈𝑝𝑎𝑠

𝛿𝜆2
→ 𝛿𝜆 ∼

𝜈𝑝𝑎𝑠

𝜔

1/3

Higher νpas allows  more particles to interact with wave

• Decorrelation time: 𝛿𝑡 ∼
𝛿𝜆2

𝜈𝑝𝑎𝑠
∼

1

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Higher νpas creates faster decorrelation

• Radial step: 𝑣𝜓𝛿𝑡 ∼
𝑣𝜓

𝜔2/3𝜈𝑝𝑎𝑠
1/3

Faster decorrelation time shortens step size

• Overall flux Γ ∼ −𝛿𝜆
𝑣𝜓𝛿𝑡

2

𝛿𝑡

𝜕𝑛𝛼

𝜕𝜓
:      Γ ∼ −

𝑣𝜓
2

𝜔

𝜕𝑛𝛼

𝜕𝜓

νpas dependence of decorrelation time and fraction of particles 
cancel out: use Krook operator

Transport occurs via pitch angle scatter of resonant alphas

Particle in phase with wave 

Particle moved 

radially by wave

Particle decorrelates via pitch angle 

scatter: 𝐶𝑝𝑎𝑠 ℎ ∼ 𝜈𝑝𝑎𝑠
𝜕2ℎ

𝜕𝜆2

𝑣∥ ෠𝑏 ∙ 𝛻𝜗
𝜕ℎ

𝜕𝜗
− 𝑖 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 − 𝑘𝜓𝑣𝑑 ∙ 𝛻𝜓 ℎ + 𝜈ℎ = −𝑆(𝜗)𝑒𝑖 𝑛𝑞−𝑚 𝜗
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Integration over particle trajectory gives h

• Trapped periodicity means only integrate over full bounce (bounce time=𝜏𝑏)
giving:

ℎ = − ර𝑆 𝜗 𝜏 𝑃 𝜏 𝑑𝜏
𝜈𝜏𝑏

𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼
2
𝜏𝑏
2 + 𝜈2𝜏𝑏

2

• Note: we consider only most important harmonic of trapped particles; see
paper in preparation for other cases

[Image source: Kadomtsev

and Pogutse 1971]

Phase 

factor
Average tangential 

precession
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h reveals mode-particle resonance condition

• Recall: ℎ ∼
𝜈𝜏𝑏

(𝜔−𝑛𝑣𝑑∙𝛻𝛼)
2𝜏𝑏

2+𝜈2𝜏𝑏
2

• For most particles, 𝜈2 ≪ 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼
2

• In the limit of small 𝜈,

ℎ = −𝜋ර𝑆 𝜗 𝜏 𝑃 𝜏 𝑑𝜏 𝛿 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 𝜏𝑏

• Only resonant particles participate in
transport

𝒉

𝝎 − 𝒏𝒗𝒅 ∙ 𝜵𝜶



33Tolman | European Fusion Theory Conference | October 2019 |

Resonance exists between precession and mode frequency

• ℎ contains resonance 𝛿 𝜔 − 𝑛𝑣𝑑 ∙ 𝛻𝛼 𝜏𝑏

• Mode structure is 𝐴1 ∼ 𝑒𝑖(𝑛 𝛼−𝜔𝑡+ 𝑛𝑞−𝑚 𝜗)

• Resonance occurs when particle’s precession in 𝛼 matches mode speed
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Integration yields diffusion coefficient

• Heat flux is given by flux surface average energy, h, and velocity outwards:

Γ = න𝑑3𝑣
𝑀𝑣2

2
ℎ 𝑣∥ ෠𝑏 + Ԧ𝑣𝑑 1

∙ 𝛻𝜓

• Integration gives (drop order unity numerical coefficients):

• Compare to phenomenological estimate: Γ ∼ −
𝑣𝜓
2

𝜔

𝜕𝑛𝛼

𝜕𝜓

• Logarithm comes because 𝑣𝑑 ∙ 𝛻𝛼 vanishes for some trapped particles

Γ ∼ 𝜖𝑀𝑐2Φ2𝑅2Ω𝑝𝑛 ln
𝑛𝑣0

2

Ω𝑝𝜔𝑅
2

𝜕𝑛𝛼

𝜕𝜓
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DTAE gives condition for onset of depletion

• The diffusion coefficient resulting from flux is given by

• Increases with 𝜌𝑝0
2 , 𝑛

• Recall goal of work: determine where
𝐷𝑇𝐴𝐸𝜏𝑠

𝑎𝛼
2 ∼ 1

• Significant change in alpha distribution and heating happens when

DTAE ∼ 𝑛 𝜖
𝑍𝑒Φ

𝑀𝑣0
2

2

𝜌𝑝0
2 Ω𝑝 ln

𝑛𝑣0
2

Ω𝑝𝜔𝑅
2

𝑍𝑒Φ

𝑀𝑣0
2 ∼

a𝛼

𝜌𝑝0

1

𝜏𝑠Ω𝑝𝑛 𝜖 ln
𝑛𝑣0

2

Ω𝑝𝜔𝑅
2

≡ 𝐴𝑚𝑎𝑥
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Only small amplitude necessary for significant redistribution 

• Plot shows
𝐷𝑇𝐴𝐸𝜏𝑠

𝑎𝛼
2 ∼ 1 at SPARC-

like parameters

• Many studies of TAE saturation
exist; some1 show amplitudes
around 10−4

• TAEs could cause significant
collisional redistribution

• Decreasing slowing down time
(by increasing n and decreasing
T) reduces effect of transport

1 See, e.g., Fitzgerald et al. NF 2016
𝐴
𝑚
𝑎
𝑥

[1
0

-4
]

τs[s]

𝜏𝑠 ∼
𝑇3/2

𝑛
at 20 keV 

and 5 × 1014 𝑐𝑚−3

Amax ≡
a𝛼

𝜌𝑝0

1

𝜏𝑠Ω𝑝𝑛 𝜖 ln
𝑛𝑣0

2

Ω𝑝𝜔𝑅
2
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Conclusions

• Alpha particle physics, especially at high field, is exciting now

• Higher temperature promotes TAE instability
• To reduce TAE instability, decrease slowing down time
See E.A. Tolman, N.F. Loureiro, P. Rodrigues, J.W. Hughes, E.S. Marmar, Dependence of alpha-particle-driven Alfvén
eigenmode linear stability on device magnetic field strength and consequences for next-generation tokamaks, Nuclear
Fusion 59, 046020 (2019).

• Drift kinetic description of alpha transport can determine when TAEs cause significant
redistribution
• Significant transport possible
• Transport from trapped (this presentation) and passing (paper in preparation)
• To reduce effect of transport, decrease slowing down time
See E.A. Tolman, P.J. Catto, N.F. Loureiro, In preparation (2019).


