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Motivation: quasi-axisymmetric stellarators W

* A quasi-axisymmetric stellarator
satisfies the constraint |B|=f({,0),
where ) and 6 are Boozer radial-
like and poloidal-like coordinates
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* A quasi-axisymmetric stellarator
satisfies the constraint | B|=f({,0),
where ) and 6 are Boozer radial-
like and poloidal-like coordinates

* The device is set up so that a
particle traveling along a field line
only “sees” a tokamak-like variation
of the field magnitude

Field lines in a quasi-axisymmetric stellarator
(Henneberg, et al). Field strength is indicated by color.
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Motivation: quasi-axisymmetric stellarators W

* A quasi-axisymmetric stellarator
satisfies the constraint |B|=f({,0),
where ) and 6 are Boozer radial-
like and poloidal-like coordinates

* The device is set up so that a
particle traveling along a field line
only “sees” a tokamak-like variation
of the field magnitude

* Thus, neoclassical transport should

X Field lines in a quasi-axisymmetric stellarator
be comparable to that in a tokamak (Henneberg, et al). Field strength is indicated by color.

* Quasi-axisymmetric stellarators tend to have large bootstrap currents, which
make a noticeable contribution to the rotational transform

* The presence of a significant plasma current raises the question of whether
quasiaxisymmetric stellarators are prone to disruptions
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Motivation: quasi-axisymmetric stellarators W

* A quasi-axisymmetric stellarator
satisfies the constraint |B|=f({,0),
where ) and 6 are Boozer radial-
like and poloidal-like coordinates

* The device is set up so that a
particle traveling along a field line
only “sees” a tokamak-like variation
of the field magnitude

* Thus, neoclassical transport should

X Field lines in a quasi-axisymmetric stellarator
be comparable to that in a tokamak (Henneberg, et al). Field strength is indicated by color.

* Quasi-axisymmetric stellarators tend to have large bootstrap currents, which
make a noticeable contribution to the rotational transform

* The presence of a significant plasma current raises the question of whether
quasiaxisymmetric stellarators are prone to disruptions

* For the present work, we derive reduced MHD models suitable for stellarator
geometries. This aims at future computational studies addressing the question
of disruptions.
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Introduction W

* Nonlinear MHD simulations are computationally expensive
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Introduction W

* Nonlinear MHD simulations are computationally expensive
* Reduced MHD models are less expensive
— Removal of fast magnetosonic waves (larger time step)
— Reduction of number of unknowns (less memory required)

* Available reduced models are either tokamak-specific, or do not satisfy
div B =0, or both

* In the present work, a stellarator-capable model with div B = 0 was
derived without using an ordering, where the reduction explicitly zeros
out fast waves

* This model is mostly a generalization of the tokamak-specific model by
Breslau et al (Steven Jardin’s group, PPPL) and a similar model by Izzo
et al



Starting point equations

* We take the viscoresistive MHD equations with anisotropic
heat flow and mass diffusion, as shown above, as the base
equations and begin our derivation from them



Starting point equations W

dp
Continuity: E + V. (pU) = P,

a., . - 3 .
Navier-Stokes: EU’*»‘) + V- (ptv) = j x B = Vp+ prAd,
Energy:

o [ pv? P B? pv? vp p Dy E x B v?
— Vv ' U —V, -k V. T—x)VT|=5.— —P
3:’,(2 +1f—1+2,t..-.g + 2 +"‘|."—1 i+“—l; Pt ) MLV MY
B -
Faraday’s Law: T -V x FE,
VxB=pyj, V-B=0, E=—ixB+nj, P=V-(D.V.ip)+5,.
Ampere’s Law  Gauss'’s Ohm’s Law Diffusion and source terms

Law for B

* We take the viscoresistive MHD equations with anisotropic
heat flow and mass diffusion, as shown above, as the base
equations and begin our derivation from them
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Starting point equations W

dp
Continuity: E + V. (p¥) = P,

a . - = -
Navier-Stokes: E{‘W) + V- (ptv) = j x B = Vp+ prAd,

Energy:
o [ pv? P B?

- v .
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v A D E x B
(ﬂ; -i-ﬂf'fg}l)ﬁ'#—ﬁpl—;lv P+ " —k V1T =5 VT
y — - L
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=S ——P

—

0B -
Faraday’s Law: — = -V x F,

ot
VxB=pyj, V-B=0, E=—ixB+nj, P=V-(D.V.ip)+5,.
Ampere’s Law  Gauss'’s Ohm’s Law Diffusion and source terms
‘ Law for B
B . a0V v
V= —gB-V V, =V-V, al = B‘* v vt T—F‘*J'

We take the viscoresistive MHD equations with anisotropic
heat flow and mass diffusion, as shown above, as the base
equations and begin our derivation from them

Blue terms show the specific form we use for non-ideal effects



Clebsch-type coordinates

* Any divergence-free field can be written as
B = Va x VB.
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* Any divergence-free field can be written as
B =Va x VE.

* Let x be the magnetic scalar potential, then Vy is
the vacuum field and B - Vy is the induced field
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Clebsch-type coordinates W

* Any divergence-free field can be written as
B =Va x VE.
* Let x be the magnetic scalar potential, then Vy is
the vacuum field and B - V) is the induced field

The curvilinear non-orthogonal coordinate system
(a, B, x) is a Clebsch-type system aligned to B

g = VCY: & I5] — vd g X = VX B82,3 L to surfoces

8,828 4 10 curves
€y =JVE x Vy, é’g = JVyx x Va, é’x = JVa x V3. william D D’haeseleer, et al. Flux coordinates
and magnetic field structure.
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Clebsch-type coordinates W

* Any divergence-free field can be written as
B =Va x VE.

* Let x be the magnetic scalar potential, then Vy is
the vacuum field and B - V) is the induced field

* The curvilinear non-orthogonal coordinate system
(a, B, x) is a Clebsch-type system aligned to B

g = VC“I?: & I5] — VD-) g X = VX B82,3 L to surfoces

8,828 4 10 curves
€a =JVPB xVyx, €3=JVyxxVa,

é’x = JVa x Vﬁ. William D D’haeseleer, et al. Flux coordinates
and magnetic field structure.

*  We will denote the vacuum field as B, = Vx = Vi, X V3, and the total field as
B=B,+B,, =VaxVp

* There is another coordinate system ({,, B,, x) which is aligned to B,; we use
b for this system’s basis vectors



Magnetic field and velocity representations W

* Let the induced vector potential be
A=TVy+ QVi,

* The third component was removed by gauge transform
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Magnetic field and velocity representations

* Let the induced vector potential be

A=TVy+ QVi,,
* The third component was removed by gauge transform
* Total magnetic field (exact):

B=Vy+ VU x Vy+ VQ x Vi,

— Vyx - background vacuum field (dominant), W - field line
bending, 2 - magnetic field compression (due to ()
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Magnetic field and velocity representations W

* Let the induced vector potential be

A=TVy+ QVi,,
* The third component was removed by gauge transform
* Total magnetic field (exact):

B=Vy+ VU x Vy+ VQ x Vi,

— Vy - background vacuum field (dominant), ¥ - field line
bending, 2 - magnetic field compression (due to ()

— The @ term also contains a correction to field line bending
(VIQXVy,), but the W term is dominant
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Magnetic field and velocity representations W

* Let the induced vector potential be
A=TVy+ QVi,,

* The third component was removed by gauge transform

* Total magnetic field (exact):
B=Vy+ VU x Vy+ VQ x Vi,

— Vy - background vacuum field (dominant), ¥ - field line
bending, 2 - magnetic field compression (due to ()

— The @ term also contains a correction to field line bending
(VIQXVy,), but the W term is dominant

* Velocity field (exact):
Vo x V- -
7= —;2, X o B+ V¢
— Terms correspond to ExB velocity, parallel flow and fluid

compression
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Magnetic field and velocity representations

A=TVy+ QVi,,

Total magnetic field (exact):

Let the induced vector potential be

The third component was removed by gauge transform

B=Vy+ VU x Vy+ VQ x Vi,

— Vy - background vacuum field (dominant), ¥ - field line

bending, 2 - magnetic field compression (due to ()

— The @ term also contains a correction to field line bending

(VIQXVy,), but the W term is dominant

Velocity field (exact):
V& x V: ~
b= % +u B+ V¢

— Terms correspond to ExB velocity, parallel flow and fluid

compression

Alfven
wave

slow
wave

fast

— Terms contain Alfven waves, slow magnetosonic waves and

fast magnetosonic waves
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Magnetic field and velocity representations

Let the induced vector potential be

@l:ed B field

A=TVy+ QVi,, {

Equilibrium

-

b e

B field

Alfven | —;

The third component was removed by gauge transform

Total magnetic field (exact):

P4

wave M ot

-] ] - -

B field

é — VX + VU x VX + VI x V@DU J. Friedberg. Ideal MHD.

— Vy - background vacuum field (dominant), ¥ - field line y

-

-]

Equilibrium
pressure
contours

[—— Perturbed

bending, 2 - magnetic field compression (due to () ]
slow

pressure

— The @ term also contains a correction to field line bending
(VIQXVy,), but the W term is dominant wave ¢

Combined
pressure
contours

Velocity field (exact): z

L, V& xVy ~
U:B—%+U||B+vlc

i

J. Friedberg. Ideal MHD.

Perturbed B field Equilibrium B field

$

— Terms correspond to ExB velocity, parallel flow and fluid —

[ <
Y

. i
compression

¥

t

. . fast = ¢
— Terms contain Alfven waves, slow magnetosonic waves and

Total B field

wave — @ ——— @

fast magnetosonic waves

— First and last terms both capture pressure- and current-

driven instabilities own work
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Derivation procedure W

* Use the continuity and energy equations directly (plug in
velocity and magnetic field)

09/30/2019 European Fusion Theory Conference 2019 27



Derivation procedure W

* Use the continuity and energy equations directly (plug in
velocity and magnetic field)

* Project Faraday’s law on Vx and V),
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* Use the continuity and energy equations directly (plug in
velocity and magnetic field)

* Project Faraday’s law on Vx and V),

* Apply the following projection operators on the Navier-Stokes
equation after dividing by p, and inserting the RHS of the
continuity equation

Vx -V x [Vx x (€)X
V-
V- [B2Vx x (€yx
* The operators produce equations for Q, V), and (, respectively
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Derivation procedure W

* Use the continuity and energy equations directly (plug in
velocity and magnetic field)

* Project Faraday’s law on Vx and V),

* Apply the following projection operators on the Navier-Stokes
equation after dividing by p, and inserting the RHS of the

continuity equation
Vx -V x [Vx x (€)X

V-
V- [B2Vx x (€yx
* The operators produce equations for Q, V), and (, respectively

* Commutator between projection operator and vA neglected

* Resulting equations are still full MHD



Resulting equations (full MHD) W

Continuity:

dp P .
% -B, [EQ)] — B.L,d”(pwn) — By [pv, Y] = F.[pv, Qy, — (p,C) — pA*( + P,

Energy:

d [ pv? P B? 1 [ pv? yp B? puv? yp B? i B
e — _B-u h—— - — . (I) - B‘i} ” { - - -
8t(2+ﬂ—1+2;m I\ Ty 1T ) ol L S e s

y—1  po )
B>\ ¥ B : B>\ @B
_B, I:'”|| (pv . P +_) K R " (pu . Yp N ) v Y
2 -1 10 140 2

(p-u2 N P N B? C)
-1 o o . 2 vy—1 o’
v P B? 1 - =
- (%+ ! +—) AL =V (ix B)+ V.
vy—1 o [0

P DJ_ g |
=Y v B‘u ‘D Fv II
— (V 72(Bud'p+ Bulp, W] + Fu[p, Q)

K P (k) — k. )B I (g}) p P RIS

Ly (f)+ L (Bl (£) + B, |5, ¥ +F, |20 S.— —P,
+Rv(p)+ =5 0 o) T B R . +Se — 5P,
Magnetic potential:
coov]  [wel-dle ] [i/1,,, @] | B 1 o
{q m]—{ — q] L [sz.. B OEDLO TG ] = BRIl + gV (V<)
Mg el KR e A B AL - (Ca $ :
[af“i— FL EJ]+P“ B. 2By, ) = BoATC = [ (G )l [, (G ]+ 5=V - (nVx % j)

Notation:
a,,.-,.v:V;””-v g =Xy v = v - 2 At =vV.vt

v

[a,b] = VBX (VaxVb)  (a.b)=V+a Vb [ably, = VF“ (VaxVb)  (a,b)y, =Va Vb—0dyadyb
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Resulting equations (full MHD, continued) W

® equation:

L0 o o 9 o9 v B2 aﬂ
AtT B2, WBIALS — F B,I5" ) — vy B,a oA e XA
o (? ” af)ﬂ“ or ~ TOw. (T 150975 ) B G A T\ B i Lo

v B2 a0 } N v B0l [aﬂ } vaalIQ [ag }
T 1 [y 1 v A ‘I" FU = s . g “U = s .1 iy A v
Bv + [Q ‘ljf,.”] [ T’L N C} B'u + [Q wv] C)f ‘I‘L * B'U + [Q 71!"”] 11’ 11/

B, VU — glavy, B,olv? N o | o1 B?B, -
=V wy (V& x Vyx + B vy B~ + B,V — v, Boa + ]
{ By + [ ) 2 x X I 6) = vx p(B, + [ ))?
JXB‘U 51 1 P 1 B;fé}”p B;‘}E)”p 1
B~ —(V-® 4+ Vx xV()—| + B, [—,p + A~V
P p] P (Bn —+ [ﬂ 7,[/' ]\J p(B‘u + [Q wv])

Aww + L"Aﬂl@

o ( B0y ) B B,dlI0dlp
v p(Bv + [Q T!f"u]) (B‘U + [Q ﬁf‘v])
Shorthand expressmns

Y=g (2, @) + 2u)7 B+ [C: ®] — vi{B* + (,(),

- 1

¢ T B2

L = Fo o oo 4l -

7B = (2. 0) = 5704, 2012+ v B* + Bu[(, U] + F,[C. Oy, — ¢[00,
B? = B2 +2B,[Q,1,] + BX(¥, ¥) — 2B, F,d,, ¥dl0 + F2(Q,Q),,

j = —[—‘?x&'lf -+ B.y:‘f)”?llf — (VU -V )Vy + VQAY, — Vi, A + F,dy Vi — (V- ‘F’}V'ui:.y].
Ho

DB
P=V |D,Vp- 52 (Bvé)llp + Bulp, V] + Fy[p, Q) | + 5,

al¢

o

o o
G=Vx0=-VxV- (Ez) +B,,r‘3”%—

o

-V)Vx + V| x B+ v||f+ Vx xV
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Resulting equations (full MHD, continued)

wlequaﬁon:
v v o) v 1 Vo )
Il I ™ [a b } — {UJ v + By - VU — VW a0

— P
o B, F[0 o T B el B,

G- (VExVy) a2 B, -Viw 4 %9l —alp
] +vAuy,

a B, 2 P
( equation:
a¢ a¢ [ ov o0 ) v B2 o)
2L 2 . 2 Il :
B; .ﬂ (}f (Bu af> + B, -1,||B B :| + F, [T ||B,U FT } — B0 (Bu n [Q’ ¢:J] Bt Ly,

'UHB«” 0Q o ~ B,:f )
"I" - F‘u r . 11) ,Q = . B T B _ )
:| |:B‘U + [Q. :‘ji‘,‘u] [ df ﬁ_}u v |: 'UT XVX x W —2 VT

TI“BU (}Q 1‘[) 1
Bv + [Q %] (}f ’ U_ '
P B,B?

. Vv x 7
P p(Bu—l—[Q,i,i‘u}} xsd

Blwy (V5@ + vy BIVT — v B,dQV, + Vy x V() — (V& x Vx + BIV™()

Blj, N B2(Vx + VU x Vy + VQ x Vi, )dlv? B2 B2
+ =2X(B, VT - 3lQvy,) + — - ——%@—Vci)vp
p ( ) 2(By + [Q,9]) ] p p
B2allp B2allp B29llp ‘
+ BTJ0|| ( = ) + Bv ! - H \I":| + Fv ! - Y Q} + UBfﬁ&&J_ .
'O(Bv + [Q- wv]) ﬂ(Bfu + [Q. 7,[)1;]) p(B«U + [Q.. T’E,‘v]) " g
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Reduction procedure W

* Set (= =0 toremove fast magnetosonic waves and magnetic field
compression

* Drop equations for (and @
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Reduction procedure

* Set (= =0 toremove fast magnetosonic waves and magnetic field
compression

* Drop equations for {and @

* We now have

09/30/2019

@

-

D, B
P=V- [DJ_V;)— 5 (B,dp + B,[p,¥])| +5,,

2

B=Vy+ VU x Vy,

i - =
_f - % + U”B,

~

j= ”i[—vxm + B,dlVe — (VI - V)Vy],
()

Vo 1

V x@=—-VxV- (—) B-uf?‘”E — =5(V® - V)Vx + Vo x B+u)j.

2 2 2
B? B? B2
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Reduction procedure W

* Set (= =0 toremove fast magnetosonic waves and magnetic field
compression

* Drop equations for (and @

°* We now have
P=v. [Dlv'n DBE(B Mo+ Bulp, ¥]) | + S,

B =Vyx+ V¥ x Vy,
- V<I> xV)‘_

j- Ii[_vxm + BAIVE — (VU - V)Vy],
Lo
Vo

- - VP
5=V xi= - (G7) + BOIG - g

* |n some cases, one can also set v, = =0 and drop the v equatlon
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Reduced equations W

Continuity

0

df 5 ng‘ ] = B3 (pv))) = Bu[pv), ¥] + P,
Energy:

a [ pv? p B? 1 [ pv? ¥ p I
5(2 +":r—1+2,‘j.n __BUB_E T+I ,'.in ~ B0
. B

a2 2

% Ap B

Y| P_ -+ I + — L
2 -1 1o

T.-‘2 p B? v-B
vl —5+ 1 + '”— —
. 0 Ho

p Do (v —BE(B dlp+ Bup, ‘IJ]})

- B,

+ V-

+—=1 p

ki E (h” - H_-_}B' I E E i o . ﬁ
+RV(J+ RB? (&8 o) P Y)Y Bl Sem g
Magnetic potential:

o] [, e -dle Lo o

{tu‘?-, E} = { B. ,L-J?_.} + B?_.v (nVahy % )

® equation:

‘ ; Al 152 ‘
ﬂl(?—q_) -+ T'”B aq} —+ TT“BJﬂ.lC)q} =V {BU(} Y VJ_"I" +uJ (V‘I’ X VX + B ?'“V"I" ot VX} el )} B;f.’.jl
ot ot ot 2
. 2]l
+ B_JJ_ J)c 'UV‘I" > VX . _v (1)] B, |:1?},):| + (Bwf} I.'-"w) n Bv& I}QL‘I’—F ﬂﬂl@
p p p p P p
V) equation:
dv v 1 (@ -V+o o2 B, VEw — ol
l—H = ——HP + {UJ v + BUTJHLI?- VU — o — )V 0 }'}] + yﬂmH,
ot P B,L B, 2 P
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(Non-)Conservation properties W

* Mass and energy conservation are exact since those
equations are used directly, without neglecting terms
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* Components of Faraday’s law and Navier-Stokes
equation are dropped in reduction

* This leads to non-conservation of momentum and
additional non-conservation of flux



(Non-)Conservation properties W

* Mass and energy conservation are exact since those
equations are used directly, without neglecting terms

* Components of Faraday’s law and Navier-Stokes
equation are dropped in reduction

* This leads to non-conservation of momentum and
additional non-conservation of flux

* Importantly, reduced MHD approximation is only valid
when the dropped terms are small, as discussed on
the following slides



Non-conservation of flux W

* Magnetic flux through a surface S(t) (advected with the plasma) is
defined as
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Non-conservation of flux W

* Magnetic flux through a surface S(t) (advected with the plasma) is
defined as
] B-dS.

— Taking the time derivative, applylng Faraday’s and Ohm'’s laws and
Stokes’ theorem:
W _ 9B s + jf B-(Txdl)=— f nj - dl,

df ot
S(¢t) as(t) dS(t)
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Non-conservation of flux W

* Magnetic flux through a surface S(t) (advected with the plasma) is

defined as
Wb = /B’-d&’,

S(t)
— Taking the time derivative, applying Faraday’s and Ohm’s laws and
Stokes’ theorem:

dij 0B B, ) o
S(t) dS(t) aS(t)

— Thus non-conservation is locally proportional to resistivity.
* Setting (=@ =0, the Q equation is
0=V-nVyx xj),
— Thus, the reduction error is also locally proportional to resistivity

— Reduction error is also locally proportional to perpendicular current,
which arises due to nonzero parallel derivatives of ¥ and g,
discussed on the next slide



Non-conservation of momentum W

* If the vorticity equation holds, the Navier-Stokes equation is also satisfied
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Non-conservation of momentum W

* If the vorticity equation holds, the Navier-Stokes equation is also satisfied

* The first projection operator selects the contravariant x-component of a
vorticity-type equation

* Non-conservation is estimated by comparing the perpendicular
components to the contravariant x-component

* Non-conservation is proportional to the parallel derivatives of: g, ®, W, Vi
p, p and P, where g*is the metric tensor of the vacuum field-aligned
coordinate system

- Exact for, e.g., strictly axisymmetric dynamics in a tokamak
- Validity conditions: for all of the scalars above, |8!'| << | V4|

- Error is small if the magnetic field is sufficiently strong that
perpendicular dynamics are much slower than parallel dynamics

- Should be a good approximation for most magnetic confinement
devices



Ordering W

* A physics-based ordering can be used to obtain a similar result

09/30/2019 European Fusion Theory Conference 2019 55



Ordering W

* A physics-based ordering can be used to obtain a similar result
* Let A be the small parameter and order as follows (mostly a generalization
of (Strauss, 1997)):

- O(1):p,B, F, K”,VL

- O(A): ¥, ®,v,,n,v,D,k,S,d,0/dt
" O(Y): Cp,
- O(N%): Q



Ordering W

* A physics-based ordering can be used to obtain a similar result
* Let A be the small parameter and order as follows (mostly a generalization
of (Strauss, 1997)):

- O(1):p,B, F, KH,VL

- O\): ¥, @, vV, MV, D, K, S, ol 8/t
- O(A): ¢, p,
- O(A%): @

* Applying this ordering to the full MHD equations, we get similar, though

much simpler equations with the following major differences from the non-
ordering-based equations:



Ordering W

* A physics-based ordering can be used to obtain a similar result
* Let A be the small parameter and order as follows (mostly a generalization
of (Strauss, 1997)):

- O(1):p,B, F, KH,VL

- O\): ¥, @, vV, MV, D, K, S, ol 8/t
- O(A): ¢, p,
- O(A%): @

* Applying this ordering to the full MHD equations, we get similar, though

much simpler equations with the following major differences from the non-
ordering-based equations:

- Advection due to parallel velocity is neglected due to being higher
order than ExB advection



Ordering W

* A physics-based ordering can be used to obtain a similar result

* Let A be the small parameter and order as follows (mostly a generalization
of (Strauss, 1997)):

- O(1):p,B, F, KH,VL

- O\): ¥, @, vV, MV, D, K, S, ol 8/t
- O(A): ¢, p,
- O(A%): @

* Applying this ordering to the full MHD equations, we get similar, though

much simpler equations with the following major differences from the non-
ordering-based equations:

- Advection due to parallel velocity is neglected due to being higher
order than ExB advection

- Inthe ® and V), equations, B is approximated by B in the time
derivative, Lorentz force term and projection operator



Ordering W

* A physics-based ordering can be used to obtain a similar result

* Let A be the small parameter and order as follows (mostly a generalization
of (Strauss, 1997)):

- O(1):p,B, F, KH,VL

- O\): ¥, @, vV, MV, D, K, S, ol 8/t
- O(A): ¢, p,
- O(A%): @

* Applying this ordering to the full MHD equations, we get similar, though

much simpler equations with the following major differences from the non-
ordering-based equations:

- Advection due to parallel velocity is neglected due to being higher
order than ExB advection

- Inthe ® and V), equations, B is approximated by B in the time
derivative, Lorentz force term and projection operator
- Hydrodynamic and ram pressure drop from the V), equation



Summary W

* Derived a hierarchy of MHD models suitable for
stellarators: full MHD, reduced MHD with parallel
velocity, reduced MHD without parallel velocity

* Also suitable for astrophysical systems with a strong
guide field, since toroidal geometry was not assumed
in the derivation

* Divergence free field and good conservation
properties



Next steps

* Equations are presently being implemented in the JOREK non-linear MHD
code [Huysmans and Czarny]

* Tokamak limit should be similar to the present JOREK and will be tested as
next step

Then, extend JOREK grid to 3D and investigate quasi-axisymmetric stellarators
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