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The Plasma Periphery of Tokamak Devices
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The Turbulent Dynamics in the Plasma Periphery

Anisotropic (k‖/k⊥ � 1) low-frequency (ω/Ωi � 1) fluctuations

I
eδφ

Te
� 1 at k⊥ρ & 1 scales

I
eδφ

Te
∼ 1 at k⊥ρ� 1 scales

No separation between equilibrium and fluctuations
Large range of collisionality, k‖λmfp � 1 & k‖λmfp & 1
Challenges standard δfa-gyrokinetic theories

ω

Ωi
∼ eδφ

Te
∼ δfa

fa
∼

k‖
k⊥
� 1, k⊥ρi ∼ 1

Attempt to a generalized ordering by Bernstein & Catto (1985), Dimits et al.
(1992), Hahm et al. (1996 and 2009), Qin et al (2006 and 2007), Dimits et al.
(2012), and Madsen (2010 and 2013)

B. J. Frei , R. Jorge and P. Ricci 5 / 39



The Turbulent Dynamics in the Plasma Periphery

Anisotropic (k‖/k⊥ � 1) low-frequency (ω/Ωi � 1) fluctuations

I
eδφ

Te
� 1 at k⊥ρ & 1 scales

I
eδφ

Te
∼ 1 at k⊥ρ� 1 scales

No separation between equilibrium and fluctuations
Large range of collisionality, k‖λmfp � 1 & k‖λmfp & 1
Challenges standard δfa-gyrokinetic theories

ω

Ωi
∼ eδφ

Te
∼ δfa

fa
∼

k‖
k⊥
� 1, k⊥ρi ∼ 1

Attempt to a generalized ordering by Bernstein & Catto (1985), Dimits et al.
(1992), Hahm et al. (1996 and 2009), Qin et al (2006 and 2007), Dimits et al.
(2012), and Madsen (2010 and 2013)

B. J. Frei , R. Jorge and P. Ricci 5 / 39



Present Periphery Models: Lack of Proper Full-F Approach

Cannot handle properly arbitrary large deviations from equilibrium, e.g.

I Evaluation of Polarization effects (e.g. Hahm et al. (2009))

δn ∼
∫

dv φ̃∂µfa0

I Evaluation of FLR effects (e.g. Madsen (2013))∫
dvv lJ0fa0 ' Γ0
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Present Periphery Models: Lack of Proper Collision Operator

A collision operator fulfilling the plasma periphery conditions:
I Full-F Non-Linear operator

C (fa0, δfb),C (δfa, fb0) ∼ C (δfa, δfb)

I Multi-species ⇒ Arbitrary ma/mb and Ta/Tb ratios

I Accurate FLR effects

I Challenging to handle, velocity-space integro-differential operator

C (fa, fb) = Lab∇v ·
[∫

dv ′U ·
(
∇v fa
ma

fb(v ′)− ∇v ′ fb(v ′)
mb

fa(v)

)]
I Necessary at intermediate level of collisionality (e.g. pedestal) (Jorge et al. PRL

(2018))
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Present Periphery Models: Lack of Proper GK Maxwell’s Eqs.

Self-consistent GK Maxwell’s equations:
I For edge application, gyrokinetic long wavelength limit (LWL) (see Xu et al.

(2007) and Pan et al. (2018))

∇2φ+
∑
a

1
2

(
ρa
λDa

)2

∇ · (lnNa∇⊥φ) = −4π
∑
a

qaNa

−
∑
a

(
ρa
λDa

)2 1
4qaNa

∇2
⊥P⊥a

I Parra & Catto (2008), Lee et al. (2009) and Miyato et al. (2013) question
gyrokinetic LWL approximation

I Need for GK theory to treat self-consistent polarization and magnetization effects
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Present Periphery Models: Lack of Efficient Numerical Approach

Important recent progress in GK simulation of periphery (Shi et al. (2017), Pan
et al. (2018), and Neiser et al. (2019))
Large computational resources (3D2V + 1) (Chang et al. (2017))
Braginksii-like fluid simulations (see, e.g., Paruta et al., (2018))
I Less expensive, advance (3D + 1) dynamical fields, i.e. Ne , u‖e/i ,Te/i ,
I Solve the drift-reduced Braginksii Eqs. ⇒ Assume high collisionality and

drift-reduced ordering
C.S. Chang et al

4

3. Validation against existing experimental data

3.1. General description of the simulation

Table 1 shows experimental discharges from three major US 
tokamaks that are used for validation of the XGC1 simulated 
divertor heat flux width. The cases were part of the 2 016 
US Department of Energy, Fusion Energy Science Theory/
Simulation Milestone Target Research [17]. These discharges 
have been chosen to represent the wide range of the poloidal 
magnetic field BP on the outboard midplane separatrix surface 
as used for the all-tokamak regression study in [18 , 19], with 
roughly equal spacing between the lowest and the highest BP 
values. All the chosen cases are in the single X-point geom-
etry between or without ELMs with the magnetic drift directed 
toward the X-point.

Simulations performed in the present study are flux-
driven, using the experimental level heat source input in the 
core plasma and the neutral particle recycling in the scrape-
off plasma. The neutral atomic recycling coefficient is set to 
R  =  0.99 for a (approximate) conservation of the total plasma 
particle number inside the material limiter. R  =  0.99 is chosen 
to reflect some vacuum pumping effect in the divertor area. 
R  =  1 will not make a difference in the time scale of edge 
turbulence and neoclassical dynamics considered here. The 

neutral atomic recycling source is poloidally localized to the 
divertor area in the simulation.

In the present study of attached plasmas, the atomic recy-
cling source is not placed right on the divertor plates. It is 
placed at the divertor entrance (horizontal X-point surface) 
in order to avoid concealing of plasma physics information 
by the strong neutral-particle atomic physics in the divertor 
chamber, while still preserving the total number of plasma 
particles. Generation of the neutral atoms near the divertor 
plates would raise the atomic neutral density in the divertor 
chamber (to a realistic level, though), and the resulting high 

Figure 1. Typical electrostatic edge turbulence structure in a tokamak plasma. Blobby structure around the separatrix and in the scrape-off 
layer, and the E  ×  B sheared streamer structures inward therein can be seen. Due to the openness of the inner boundary, turbulence in the 
core plasma is still developing even after the edge blobby turbulence has saturated. Visualization is by D. Pugmire of Oak Ridge National 
Laboratory in collaboration with the authors of this paper.

Table 1. Experimental discharges from three US tokamaks that 
are used for validation of XGC results. BT is the toroidal magnetic 
field strength at magnetic axis, IP is the plasma current, and BP is 
the poloidal magnetic field strength at outboard midplane separatrix 
surface.

Shot Time (ms) BT (T) IP (MA) Bpol,MP (T)

NSTX 132 368 360 0.4 0.7 0.2 0
DIII-D 144977 3103 2 .1 1.0 0.30
DIII-D 14498 1 3175 2 .1 1.5 0.42
C-Mod 11002 2 302 6 1091 5.4 0.5 0.50
C-Mod 11002 2 3012 1149 5.4 0.8 0.67
C-Mod 11002 2 302 3 12 36 5.4 0.9 0.8 1

Nucl. Fusion 57 (2017) 116023

M. Giacomin, EFTC Oral ContributionChang C. S. et al., Nucl. Fusion 57, 116023 (2017).
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New Approach to GK Description of Plasma Periphery

Develop a Gyrokinetic model for the plasma periphery retaining:

Arbitrarily large deviations from equilibrium δfa ∼ faM ⇒ Full-F

EM fluctuations at all scales ⇒ Full FLR and polarization effects

Valid at arbitrary collisionality ⇒ Full-F GK Coulomb collision operator

Includes the relevant collisionless kinetic effects ⇒ e.g. Landau-damping,
gyro-averaging magnetic trapping, particle drift resonance effects

Efficient numerical approach (3D + 1)
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The Gyrokinetic Model for the Plasma Periphery
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The Gyrokinetic Model: Modelling Assumptions

Introduce the fundamental small parameter

ε =
ρ

LP
∼ ρ

Lφ
� 1, L−1

P ∼ ∇⊥ ln 〈P〉t , εB ∼ ρ∇⊥ ln B̂ � ε

Generalized electromagnetic GK orderings

|∇⊥φ|
csB

∼ k⊥ρ
eφ

Te
∼ ε

φ = φ0 + εδφ1

= +

eφ0

Te
∼ 1 at k⊥ρ ∼ ε

eφ1

Te
∼ εδ � 1 at k⊥ρ ∼ 1

Remove fast compressional perturbations
|δB⊥|
B
∼ ε, δB⊥ ' ∇A‖ × b̂, B̂ = ∇× Â, A‖ = A‖0 + εδA‖1,

Collisional ordering, εν = νii/Ωi ∼ ε2

B. J. Frei , R. Jorge and P. Ricci 12 / 39



The Gyrokinetic Model: Modelling Assumptions

Introduce the fundamental small parameter

ε =
ρ

LP
∼ ρ

Lφ
� 1, L−1

P ∼ ∇⊥ ln 〈P〉t , εB ∼ ρ∇⊥ ln B̂ � ε

Generalized electromagnetic GK orderings

|∇⊥φ|
csB

∼ k⊥ρ
eφ

Te
∼ ε

φ = φ0 + εδφ1

= +

eφ0

Te
∼ 1 at k⊥ρ ∼ ε

eφ1

Te
∼ εδ � 1 at k⊥ρ ∼ 1

Remove fast compressional perturbations
|δB⊥|
B
∼ ε, δB⊥ ' ∇A‖ × b̂, B̂ = ∇× Â, A‖ = A‖0 + εδA‖1,
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The Gyrokinetic Model: Dynamical Reduction

Dynamical reduction from particle phase-space zν = (x , v) to gyrocenter
phase-space Z ν

= (R, µ, v‖, θ), with µ̇ = 0 up to O(ε2, ε2δ)

γa(x , v) = (qaA + mav) · dx −
[
qaφ+

mav
2

2

]
dt

⇒

〈χ〉 =
1
2π
∫ 2π
0 dθχ

Γa(R, v‖, µ, t) = qaA∗ · dR +
Bµ

Ωa
dθ− [H0 + qa 〈Ψ1〉] dt, ∂θΓa = 0

Guiding-center Hamiltonian, H0

Non-linear electromagnetic gyrokinetic potential

〈Ψ1〉 ∼ 〈Φ1〉+
(〈

A2
‖1

〉
− ∂µ

[〈
Φ2

1
〉
− 〈Φ1〉2

])
, Φ1 = φ1 − v‖A‖1
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The Gyrokinetic Model: Single Gyrocenter Dynamics

From Γa, single gyrocenter dynamics in the periphery

Ṙ = v‖b + uE + U∇ + Uκ + Upol +
b
B∗‖
×∇〈Ψ1〉R + UNL

mav̇‖ = qE‖ − q
B∗

B∗‖
· ∇ 〈Ψ1〉R − µb · ∇B + F‖,NL

µ̇ = 0

Free ‖ streaming Cross-field drifts Gyrokinetic transport

Magnetic trapping bounce motion

Phase-space preserving characteristics, i.e. dtB∗‖ = 0
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The Gyrokinetic Model: The Boltzmann Equation

The 3D2V + 1 gyrokinetic Boltzmann equation, Fa =
〈
Fa
〉

+ F̃a

∂

∂t

(
B∗‖
〈
Fa
〉)

+∇ ·
(
B∗‖ Ṙ

〈
Fa
〉)

+
∂

∂v‖

(
B∗‖ v̇‖

〈
Fa
〉)

= B∗‖
∑
b

Cab

Full Coulomb Collision operator

Cab = νab∇v ·
[
∇v∇vGb(v)fa(v)− ma

mb
fa(v)∇vHb(v)

]
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The Gyrokinetic Model: Self-Consistent GK Field Equations

Self-Consistent GK field equations by Variational Approach
A short reminder of Variational Approach:
I In particle phase-space zν = (x , v)

A[φ] = Af +Ap =

∫
dt

∫
dx
8π
|−∇φ|2 +

∑
a

∫
dt

∫
vγa[φ]fa(x , v)

δA
δφ
◦ φ̌ = 0 ⇒ −∇2φ = 4π

∑
a

∫
dv fa(x , v)

δγa
δφ

,
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The Gyrokinetic Model: Self-Consistent GK Field Equations

Gyrokinetic Variational Principle for the dynamical fields (φ0, φ1, Â,A‖0,A‖1)

A[φ0, φ1, Â,A‖0,A‖1] = Af +Ap =

∫
dt

∫
dx
8π

(
|E |2 −

∣∣∣B̂ + δB⊥
∣∣∣2)

+

∫
dt
∑
a

∫
dZ
〈
Fa

〉
Γa[φ0, φ1, Â,A‖0,A‖1]

E = −∇(φ0 + φ1)− ∂t(Â + b̂(A‖0 + A‖1), δB⊥ ' ∇(A‖0 + A‖1)× b̂

Field dynamics from Least action principle

δA =
δA
δφ0
◦ φ̌0 +

δA
δφ1
◦ φ̌1 +

δA
δÂ
◦ ˇ̂A +

δA
δA‖0

◦ Ǎ‖0 +
δA
δA‖1

◦ Ǎ‖1 = 0

Coupled set of field equations ⇒ GKPI/GKPII, and GKAI/GKAII/GKAIII.
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The Gyrokinetic Model: A Model Summary ...

Gyrokinetic Boltzmann Equation
∂

∂t

(
B∗‖
〈
Fa
〉)

+∇ ·
(
B∗‖ Ṙ

〈
Fa
〉)

+
∂

∂v‖

(
B∗‖ v̇‖

〈
Fa
〉)

= B∗‖
∑
b

Cabra

Self-consistent GK field Equations

∇ · E = 4π
∑
a

∫
dv
〈
Fa
〉 δΓa

δφ0

∇ · E = 4π
∑
a

∫
dv
〈
Fa
〉 δΓa

δφ1

∇× (B̂ + δB⊥) = 4π
∑
a

∫
dv
〈
Fa
〉
. . .

...

Still 3D2V + 1 and Full-F ...
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The Gyrokinetic Model: Full-F Hermite-Laguerre Expansion

From 3D2V + 1 to 3D + 1 and Full-F ⇒ Hermite-Laguerre moment
expansion

〈
Fa
〉

= FaM

∞∑
p=0

∞∑
j=0

Npj
a (R, t)Hp(v‖)Lj(v

2
⊥), Npj

a ⇒ Gyro-moments

v‖

〈Fa〉 (0,0): FaM
(1,0): FaM × (1 + N10

a v‖)

(P,0): FaM ×
∑Pa

p=0 N
p0
a Hl(v‖)

Multi-Fidelity
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The Gyrokinetic Model: A Fluid Moment Hierarchy Equation

Apply Hermite-Laguerre projector ‖·‖pja to gyrokinetic Boltzmann equation

3D + 1 Moment Hierarchy equations for Npj
a (R, t)

∂

∂t
Npj

a +∇ ·
∥∥∥Ṙ∥∥∥pj

a
−
√
2l

vth‖a

∥∥v̇ ‖∥∥p−1j
a

+ Fpj
a =

∑
b

C pj
ab

Temporal Evolution

Spatial Evolution

Parallel Forces for p ≥ 1
Fluid Operator

(Ta, u‖a)

∼ Npj
a not immediate...

B. J. Frei , R. Jorge and P. Ricci 20 / 39



The Gyrokinetic Model: A Fluid Moment Hierarchy Equation

Apply Hermite-Laguerre projector ‖·‖pja to gyrokinetic Boltzmann equation

3D + 1 Moment Hierarchy equations for Npj
a (R, t)

∂

∂t
Npj

a +∇ ·
∥∥∥Ṙ∥∥∥pj

a
−
√
2l

vth‖a

∥∥v̇ ‖∥∥p−1j
a

+ Fpj
a =

∑
b

C pj
ab

Temporal Evolution

Spatial Evolution

Parallel Forces for p ≥ 1
Fluid Operator

(Ta, u‖a)

∼ Npj
a not immediate...

B. J. Frei , R. Jorge and P. Ricci 20 / 39



The Gyrokinetic Model: A Fluid Moment Hierarchy Equation

Apply Hermite-Laguerre projector ‖·‖pja to gyrokinetic Boltzmann equation

3D + 1 Moment Hierarchy equations for Npj
a (R, t)

∂

∂t
Npj

a +∇ ·
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The Gyrokinetic Model: Moment Hierarchy Equation

Hermite-Laguerre representation of gyrocenter dynamics

∥∥∥Ṙ∥∥∥pj
a

=
∑
l,k

[
U0δ

p
l δ

j
k + v th‖aVpj

lk b +Mpj
lkU∇ + . . .

]
N lk

a +

∥∥∥∥∥ b
B∗‖
×∇〈Ψ1〉

∥∥∥∥∥
pj

a

ma

∥∥v̇‖∥∥p−1j
a

=
∑
l,k

[
F‖aδ

p−1
l δjk − FMaMp−1j

lk + . . .
]
N lk

a − qa

∥∥∥∥∥B∗

B∗‖
· ∇ 〈Ψ1〉

∥∥∥∥∥
p−1j

a

I ‖ (parallel streaming) and ⊥ (gyro-averaring, magnetic gradient) phase-mixing

∑
l,k

Vpj
lk N

lk
a =

√
p + 1
2

Np+1j
a +

√
p

2
Np−1k

a∑
l,k

Mpj
lkN

lk
a = (2j + 1)Npj+1

a − jNpj−1
a − (j − 1)Npj

a
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N lk

a − qa

∥∥∥∥∥B∗

B∗‖
· ∇ 〈Ψ1〉

∥∥∥∥∥
p−1j

a

I ‖ (parallel streaming) and ⊥ (gyro-averaring, magnetic gradient) phase-mixing

∑
l,k

Vpj
lk N

lk
a =

√
p + 1
2

Np+1j
a +

√
p

2
Np−1k

a∑
l,k

Mpj
lkN

lk
a = (2j + 1)Npj+1

a − jNpj−1
a − (j − 1)Npj

a

B. J. Frei , R. Jorge and P. Ricci 21 / 39



The Gyrokinetic Model: Fourier-Laguerre FLR Expansion

Fourier-Laguerre expansion of FLR terms

〈Ψ1(k)〉 = J0

(
k⊥v⊥

Ωa

)
Ψ1(k) =

∞∑
n=0

Kn(b)Ln
(
v2
⊥
)

Ψ1(k), Kn(b) =
1
n!

(
b

2

)2n

e−b
2/2

Kn
1

1 2 3

n = 0

n = 1
n = 2

b = k⊥ρth

In electrostatic and homogenous plasma (generalized to NL EM and
inhomogenous case)

‖ik 〈φ1(k)〉‖lka =
∞∑
n=0

|n+k|∑
m=|n−k|

ikαnk
m Kn(b)N lm

a φ1(k)
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The Gyrokinetic Model: Evolution of Gyrocenter Moments

Spatial and time evolution of gyrocenter fluid moments

(p, j) = (0, 0) :
1
Na

da
dt

Na =
∑
b

C 00
ab −

∂

∂t

(
B
∗
‖a

B

)
−∇ · u0

a

(p, j) = (1, 0) :
da
dt

u‖a =
v th‖a√

2

∑
b

C 10
ab −

1
Na

√
2
∇ ·
(
u‖1a Nav th‖a

)
−
∥∥v̇‖∥∥00

a
+ . . .

(p, j) = (0, 1) :
da
dt

(
T⊥a
B

)
=

NaT⊥a
B

∑
b

C 01
ab −∇ ·

(
u⊥1
a P⊥a
B

)
+ . . .

(p, j) = (2, 0) :
Na√
2
da
dt

T ‖a = P‖a
∑
b

C 20
ab −∇ ·

(
T ‖aNau‖2a

)
+ . . .

...

High-collisionality ⇒ Improved Braginskii equations (Jorge et al. (2017))
Semi-collisional closure at arbitrary collisionality (Loureiro et al. (2011))
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The Gyrokinetic Model: Full-F GK Coulomb Collision Operator

Spherical harmonic multipole expansion of full Coulomb 1

Hb(v) =

∫
dv ′

fb(v ′)
|v ′ − v |

, Gb(v) =

∫
dv ′fb(v ′)|v ′ − v |

v ′b va

θb

ξb

Exact non-linear evaluation of gyro-average ⇒ Full FLR effects

〈Cab〉 = νab

∞∑
l=0

m=l∑
m=−l

∑
r ,s,p,q,...

. . .Fmrspq
mab (µ, v‖)

〈
Ym
l (ξ, θ)N rs

a (x)Npq
b (x)

〉
Fourier-Hermite-Laguerre gyro-moment expansion

Cpj
ab = νab

∑
k,k ′

∞∑
l=0

m=l∑
m=−l

∑
r ,s,p,q,...

Ks(ba)Kq(ba)N rs
a (k)Npq

b (k ′)

Accurate at arbitrary collisionality and Multi-species

1R. Jorge, B. J. Frei, and P. Ricci, "Non-Linear Gyrokinetic Coulomb Collision Operator", To
appear in JPP, arXiv:1906.03252 [physics.plasm-ph] (2019).
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The Gyrokinetic Model: GK Poisson’s Equations GKPI/GKPII

GKPI from δA/δφ0 ◦ φ̌0 = 0, and GKPII from δA/δφ1 ◦ φ̌1 = 0

∇ · E = 4π
∑

a

[
qaNa −∇ ·P I

a

]
, ∇ · E = 4π

∑
a

[
qa 〈Na〉+ P II

a

]
I Self-consistent Full-F polarization effects from dynamical reduction

P I
a '

maNa

B
b ×

[∥∥∥Ṙ∥∥∥00

a
− uENa

]
− b

B
×∇×

[
P⊥a
2Ωa

b
]

P II
a =

∑
n,r ,s,...

Kn(b)Kr (b
′†)

[
φ1(k)

(
NaN

0s
a

T⊥a

)
(k ′)− A‖1(k)

(
J1s
‖a

T⊥a

)
(k ′)

]
. . .

I Two coupled field equations for φ0, φ1
I Recover LWL polarization density

P II
a '

q2
a

ma
∇ ·
(
Na

Ω2
a

∇⊥φ1

)
− qa

ma
∇ ·

(
J10
‖a

Ω2
a

∇⊥A‖1

)
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The Gyrokinetic Model: GK Ampere’s laws GKAI/GKAII

GKAI from δA/δA‖0 ◦ Ǎ‖0 = 0, and GKAII from δA/δA‖1 ◦ Ǎ‖1 = 0

[
∇×

(
B̂ + δB⊥

)
− ∂tE

]
· b̂ = 4π

∑
a

[
Ja + ∂tP I

a +∇×
(
MI

a1 + MI
a2

)]
· b̂[

∇×
(
B̂ + δB⊥

)
− ∂tE

]
· b̂ = 4π

∑
a

[〈
J‖a
〉

+MII
a

]
I Self-consistent Full-F magnetizations effects from dynamical reduction

MI
a1 ' −

P⊥aB
B2

(
N00

a − N01
a

)
, MI

a2 '
maNavth‖a√

2B

(∥∥∥Ṙ∥∥∥10

a
− N10

a uE

)
MII

a ' qa
∑

n,r,s,...

Kn(b)Kr (b
′†)

[
φ1(k)

(
J1s
‖a

T⊥a

)
(k ′)− A‖1(k)

(
J2s
‖a

T⊥a

)
(k ′)

]
. . .

I Two coupled field equations for A‖0, A‖1
I Recover LWL magnetization current
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The Gyrokinetic Model: GKAIII/Pressure Balance Equation

From B̂ × (δA/δÂ ◦ ˇ̂A) = 0 with MI
a1 ' −

P⊥aB̂
B̂2

∑
a

Nama
d0

dt
U0

∣∣∣∣
⊥

=
1
4π

[(
B̂ · ∇

)
B̂ − ∇B̂

2

2
− B̂ × (∇× δB⊥)

]
−∇ ·ΠCGL

Steep pressure gradient with large scale B̂ consistent with low-β plasma, i.e.

εB =
ρ

LB
∼ β ρ

LP
� ε
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The Gyrokinetic Model: Summary

GK Moment Hierarchy

∂tN
pj
a +∇ ·

∥∥∥Ṙ∥∥∥pj
a
−
√

2l
vth‖a

∥∥v̇‖∥∥p−1j
a

+ Fpj
a =

∑
b C

pj
ab

GKPI
∇ · E = 4π

∑
a

[
qaNa −∇ ·P I

a

]
GKPII

∇ · E = 4π
∑

a

[
qa 〈Na〉+ P II

a

]
GKAI[

∇×
(
B̂ + δB⊥

)
− ∂tE

]
· b̂ = 4π

∑
a

[
Ja + ∂tP I

a +∇×
(
MI

a1 +MI
a2
)]
· b̂

GKAII[
∇×

(
B̂ + δB⊥

)
− ∂tE

]
· b̂ = 4π

∑
a

[〈
J‖a
〉
+MII

a

]
GKAIII/Pressure Balance Equation∑

a Namad
0
t U0

∣∣∣∣
⊥
=

1
4π

[(
B̂ · ∇

)
B̂ − ∇B̂2

2 − B̂ × (∇× δB⊥)
]
−∇ ·ΠCGL
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Gyrokinetic Ion-Temperture Gradient ηi -Drift Instability
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Gyrokinetic Ion Temperature gradient ηi-drift instability

Slab electrostatic Ion Temperature gradient
Linearized GK Moment Hierarchy equation + GKPII

∂

∂t
Npj
i + ik‖

√
τi

(√
p + 1Np+1j

i +
√
pNp−1j

i

)
− iKj(bi )ω∗φ1δp,0 − iηiω∗φ

[
Kj(bi )

(
δp,2/

√
2− δp,0

)
+δp,0 ((2j + 1)Kj(bi )− jKj−1(bi )− (j + 1)Kj+1(bi ))]

+
1
√
τi
ik‖Kj(bi )φ1δ

1
p = −ν(p + 2j + ai )N

pj
i

1
τi

[
1−

∑
n=0

K2
n(bi )N

0n
i

]
φ1 =

∑
n

Kn(bi )N
0n
i

Truncation closure at (p, j) = (Pi , Ji ): γN
pj
a = (Ma + iCa)Npj

a

iv‖k‖δfi

ib × k⊥J0φ1

B
· ∇⊥FiM

ik‖J0φ1FiM

Cpj
ii
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√
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Gyrokinetic Ion Temperature gradient ηi-drift Instability

Retrieves sITG collisionless growth rate

FLR requires Ji & k2
⊥

GK Coulomb coll. to Braginskii limit (at low k⊥, i.e. drift-reduced)

Pi Ji

Pi
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Conclusion
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Conclusion

To summarize:

A Gyrokinetic moment-based model
I Full-F
I Retains the essential kinetic effects (e.g. Landau damping, gyro-averaging, particle

drift resonance)
I Accurate collisional effects (Multi-species, FLR effects)
I Self-consistent Gyrokinetic field equations

sITG Model application; extended to include finite β and toroidal effects, and
arbitrary collisionality
Ongoing first numerical investigations
Results to benchmark against existing GK codes

B. J. Frei , R. Jorge and P. Ricci 33 / 39



Backup slides
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Backup slides: EM slab ITG

Ion EM Linearized Moment Hierarchy,
∂

∂t
Npj

i + ik‖
√
τi

(√
p + 1Np+1j

i +
√
pNp−1j

i

)
−
∑
n

Kn(bi )iω∗
(
δj,nδp,0 + ηiT pj

1n

)
φ

+
√
2τi
∑
n

Kn(bi )iω∗

(
δj,nδp,1√

2
+ ηiT pj

2n

)
ψ

+
1
√
τi
ik‖Kj(bi )

(
φδp,1 −

√
2τiψ

(
δp,0√
2

+ δp,2

))
=
∑
s

C pj
is , δB⊥ ' ψk⊥ × b

Linearized GK Poisson and Amepere’s law,[
αD +

1
τi

(
1−

∑
n

K2
n(bi )

)]
φ =

∑
n

Kn(bi )N
0n
i ,

[
k2
⊥
βe

+
∑
n

K2
n(bi )

]
ψ =

√
τi
∑
n

Kn(bi )N
1n
i .
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Backup slides: Toroidal kinetic effects

Magnetic trapping, toroidal magnetic drift resonance effects

∂

∂t
Npj

a +
ik‖
√
τa

σa

(√
p + 1Np+1j

a +
√
pNp−1j

a

)
+
τa
qa

(iωκa)
(√

(p + 1)(p + 2)Np+2j
a + (2p + 1)Npj

a +
√

p(p − 1)Np−2j
a

)
+
τa
qa

(iω∇a)
(
(2j + 1)Npj

a − jNpj−1
a − (j + 1)Npj+1

a

)
+

√
τa

σa
∇‖ lnB

√
p
(
(2j + 1)Np−1j

a − jNp−1j−1
a − (j + 1)Np−1j+1

a

)
−
∑
n

Kn(ba)ik⊥ηn
(
δn,jδp,0 + ηTaT

pj
1n

)
φ+

√
2τa
σa

∑
n

Kn(ba)ik⊥ηn

(
δj,nδp,1√

2
+ ηTaT

pj
2n

)
ψ

+
qa

σa
√
τa
ik‖Kj(ba)

(
φδ1

p −
√

2τa
σa

ψ

(
δ0
p√
2
+ δ2

p

))
= C pj

a .
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Electron Plasma Waves

1D periodic non-linear coupled fluid equations for N l
e ,

l = 0 :
1
Ne

∂Ne

∂t
= −

√
T‖e
2

u‖e∇‖Ne −
√

2T‖e∇‖u‖e ,

l = 1 :
∂u‖e
∂t

=
C 1
e√
2
−
√

T‖e

2
√

2
∇‖ lnNe +

1√
2T‖e

∇‖φ+ . . . ,

l = 2 :
1

T‖e

∂T‖e
∂t

=

√
2C 2

e

Ne
−
√

3
2
T‖eN

3
e∇‖ lnNe −

√
6T‖e∇‖N3

e + . . . ,

l > 2 :
∂N l

e

∂t
=

C l
e

Ne
+
∑
p

[
C lpNp

e∇‖ lnNe +Dl
pN

p
e∇‖φ+ I lp∇‖Np

e + . . .
]
.

Mimic collisional dissipation,
I C 0

e = 0, C 1
e = −ν

√
2u‖e , ..., C l

e = −ν
(
lN l

e +
√
2lu‖eN l−1

e

)
,

Truncation closure: N l
e = 0 for l > L.
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Electron Plasma Waves

Collisional damping, γ ' ν/2
with L = 2,
Lower N-Lin. L-resolution needed
at ν/ωpe � 1,

i∂tN
l
e −

(√
l + 1N l+1

e +
√
lNe l−1

)
/
√
2

− N0
e δl,1√

2(k‖λD)2
= −iνlN l

e .
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Backup slides: Artificial Echos

Artificial "echos" due to truncation closure in |N l
e(t)|,
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